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Sums of free variables in fully symmetric spaces

Léonard Cadilhac and Eric Ricard

ABSTRACT

We give a method to obtain, from Voiculescu’s inequality, norm estimates for sums of free
variables with amalgamation in general fully symmetric spaces. We use these estimates to
interpolate the Burkholder inequalities for non-commutative martingales. The method is also
applicable to other similar settings. In that spirit, we improve known results on the non-
commutative Johnson—Schechtman inequalities and recover Khinchin inequalities associated to
free groups.

1. Introduction

Versions of Khinchin inequalities for Schatten classes of index 1 < p < 0o were established by
Lust—Piquard in the mid 1980s. They are one of the first evidence of a new non-commutative
phenomenon; one has to deal with different notions of square functions in quantum analysis.
Since then, they were omnipresent in all the developments of non-commutative analysis. They
become part of the theory and are used to define the right function spaces. For instance,
the formulation of the Burkholder—-Gundy inequalities for martingales led to the definition
of the column Hardy space Hj (M) and its row version H; (M) associated to a semi-finite
von Neumann algebra. The martingale Hardy spaces are then defined as H, (M) = Hg (M) N
H, (M) for 2 < p < oo and Hy(M) = Hi (M) +H, (M) for 1 <p < 2.

One of the main drawback is the difficulty to understand the behaviour of those square
functions with respect to interpolation theory. Indeed, it not clear how to deal with intersections
or sums of two spaces in full generality. Since there is only one square function when the
underlying algebra is commutative, those problems do not occur at all. Much efforts have been
made to study the interpolation of non-commutative L,-inequalities in various contexts, for
instance, [4-6, 810, 21, 25]|. Given a function space E, say on (0,00), one can associate
a non-commutative space F(M) to any semi-finite von Neumann algebra [15]. The general
question is the following: given a function space E which is an interpolation space for (L, L)
and knowing an inequality that is true for L, (M) and L, (M), can we get a new one for E(M)?
Most of the papers quoted above relied on very elaborated machineries on function spaces and
quite satisfactory results are available but under technical conditions (such as on Boyd indices).

On the opposite side, freeness in quantum probabilities behaves in a nicer way than
independence in classical probabilities. The central limit object, a semi-circular variable, is
bounded in L.,. Many inequalities still hold true when p = oo, the most famous example is the
Haagerup inequality for generators of free groups (which is seen as a Khinchin type inequality).
It has been a key tool to deduce interpolation results for intersections or sums of spaces coming
from square functions [18]. Very recently in [4], the first author discovered a very efficient way
to deal with interpolation of the non-commutative Khinchin inequalities. The main novelty is
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that one can use certain algebraic decompositions to play the role of square functions. With
the help of freeness, it was used to interpolate the Burkholder-Gundy inequalities. This paper
is an attempt to show that this technique is fairly general and can be used to overcome quite
easily the problems of interpolation of non-commutative function spaces, basically without
any assumption.

After the Khinchin inequality, the next interesting mixed-norms are given by the so-called
Voiculescu inequality which is a combination of three different norms in the spirit of the
Rosenthal inequality for sums of independent variables. They appeared in [11, 12] and are
hidden in the conditioned version of the Burkholder—-Gundy inequality. To describe them, let
N C M be finite von Neumann algebras with a normal faithful trace 7 and a trace-preserving
conditional expectation £ : M — N. For a family (z;);>1 and 1 < p < oo, the three norms
involved are
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It was established in [12] for p = co and in [13] for 2 < p < oo, that if the variables (z;);>1 are
free and centered in M over N, then for some constants independent of p
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One can deduce a statement for 1 < p < 2 by duality using an infimum as usual. One of our
objective is to interpolate those inequalities. If F is a symmetric space, we set
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where (e;) is the canonical basis of ¢, equipped with its standard trace. We obtain that if F
is an interpolation space for (La, Loo) and Y ;o x; € M,
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Similarly when E is an interpolation space for (Ly, Ls)
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one can even choose a;, b;, c; independently of E. The proof of the main inequalities follows
three steps. First, we show that the above infimum is achieved when F = L; using a
compactness argument. A sequence attaining the minimum is called an optimal decomposition.
We then show that an optimal decomposition has a certain algebraic form which is used in the
last step to deduce the inequalities from that for £ = L... This is a fairly general principle.
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In the last section, we sketch a proof of a similar interpolation result around the Haagerup—
Buchholz inequality [3, 19] for words of length d using a generating set in the free group
algebra. We believe that the techniques could be pushed in many other directions like the
general Rosenthal type inequality for free chaos of [13] which is technically more involved; we
leave it as a problem for the interested reader.

We also relate our results with the Johnson—Schechtman inequalities for free variables
obtained in [25]. They deal with the simplest case N’ = C. As their commutative counterpart,
they extend Rosenthal type inequalities to some symmetric spaces. They give a fully computable
expression for || Y% @;||g(um)- In this case, an algebraic decomposition can be given explicitly,
this leads to an improvement of the constants in [25]. We also explain how to use our main
result to interpolate the conditioned Burkholder inequality in the spirit of [5, 21]. After we
submitted this article, Randrianantoanina informed us that he also obtained with Xu these
martingale inequalities in [22] but with different techniques.

2. Preliminaries

2.1. Non-commutative integration

We use [18, 20, 26] and [7] as general references for non-commutative integration in the semi-
finite setting. We use the classical definition of the non-commutative L,, 1 < p < oo associated
to a semi-finite von Neumann algebra (M, 7)

LyM,7) = {z € Lo(M,7) | ||z[|} = 7(Jz[") < oo},

where Lo(M,7) is the space of T-measurable operators affiliated with M (see [26]). We also
set as usual Lo (M) = M with its standard norm. Of course we always have that L,(M,7) C
L,(M,7) whenever ¢ < p when M is finite (7(1) < 00).

Given z € Lo(M, 7), its generalized singular values [7] is a function p(z, 1) : (0,00) — (0, 00)
which is non-increasing and has the same distribution as z when (0, 00) is equipped with the
standard Lebesgue measure. We may drop the reference to 7 when it is not necessary.

A Banach function space (E,|.||g) on (0,00) is said to be symmetric if it is included in
Lo(Lso(0,00)) = Lo(0,00) and if whenever f € E and g € Lo(0, 00) satisfy u(g) = u(f), then
g € E and ||g||g = || f]|g- The non-commutative version of E associated to (M, 7) is the space
E(M,7) ={z € Lo(M,7) | p(x) € E} with the norm ||z[|prg) = ||1(2)] £, see [15]. Note that
if (M, 7) C (M,7) is a von Neumann subalgebra, then for y € Lo(N, 7), [yllew) = ¥llzm)-

We will focus on fully symmetric function spaces. These are symmetric spaces E such that if
f € FE and g € Lg(0,00) satisfy for all ¢ > 0, fot u(g) < fg wu(f), then g € E and ||g||g < ||f]l&-
They admit several other characterizations especially using general interpolation, we refer to
[1, 2]. This is related to the fact that fg w(f) = Ifllzy+tn., for t >0 and f € Lo(0, 00).

An interpolation space for the couple (L,(0,00),L4(0,00)), 1< p,g<oo is a Banach
function space E C L,(0,00) 4+ L4(0,00) such that if T : L,(0,00) + L,(0,00) = L,(0,00) +
L4(0,00) is a linear map such that ||T']|L,(0,00)= 1, (0,00)5 1T L, (0,00)— L, (0,00) < 1, then T(E) C
E and ||T||g— g < 1. Fully symmetric spaces are exactly interpolation spaces for the couple
(L1(07 00)7 Loo(07 OO))

When FE is a fully symmetric function space on (0, 00) or more specifically an interpolation
space for (L,, L,), the non-commutative function spaces associated to it also enjoy the same
properties, see [20, Corollary 2.2]. We will mainly use that when F is an interpolation
for (L,, L) with p < ¢ if (My,7aq,) and (Mg, Tr,) are semi-finite von Neumann algebras
and if T : L,(Mi,7aq,) = Lp(Ma, Tar,) is @ map that is contractive on L, and L, that is,
1T 2 My, )5 L (M rany) < 1 for 7= p, g, then T(E(M;)) C E(Mz) and T is a contraction
from E(M;) to E(Maz). We also refer to [15] for more on this topic.
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In the whole paper, we always consider fully symmetric spaces over (0,00), this is
not a restriction (see Remark 4.7). The von Neumann algebras (M,7) will always be
non-commutative probability spaces (7(1) =1) except M®{,, with its natural trace and
Loo(0,00).

2.2. Free products

We fix N € N* U {oo}. If (M;,7;), 1 <4 < N are finite von Neumann algebras with a common
sub-von Neumann algebra (N,7) and conditional expectations & : M; — N such that 7o
& = 7;, we denote by (M, 1) = x;=1._ n(M,, ;) the amalgamated free product of the algebras
(M, ;) over N. We refer to [28] for precise definitions. We simply recall basic facts. If € M,
we denote by & = x — &z and M; = {#;x € M;}; there is a natural decomposition M; = N' &
M,. The space W = N @,,>1 @K“#mﬁ Ain <N M“ QN - QN Mln is a *-algebra where the
product is given by concatenation and centering with respect to A. It has a trace given by
7nr 0 € where £ is the natural projection onto . Then (M, 7) is the finite von Neumann algebra
obtained by the GNS construction from (W, 7). Elements in @, <;, 4,2 i <n Mi, Op ... On

M;, are said to be of length n.

To lighten notations, seeing (M;, ;) as a sub-von Neumann algebra of (M, 7), we have that
Tim, = Ti and En, = &; and we will simply write 7 and £ instead of 7; and &;.

We use the notation g for y — &y for y € Ly (M).

2.3. Column conditioned norms

In this section, we assume that (M, 7) is a finite von Neumann algebra with a subalgebra N.

The trace 7 is well defined on Lo(M) " by 7(z) = sup,, (21 ,,)(2)) (see [26]). In particular, for

any « € Lo(M), T(z*x) = 7(za*) and if g, is a non-decreasing sequence of projections going

to 1 strongly and x € Lo(M), then 7(z*z) = sup,, 7(z*¢,x) (this is obvious when = € L).
For x € La(M), Ex*x is well defined in Ly (N) C Li(M).

DEFINITION 2.1. For 2 € Ly(M) and 1 < p < oo, we set ||z, = [|(Ex*z)'/?|,.

Note that ||z||p. < oo when 1 < p < 2 and ||z[2,c = ||z

The completion of the set of elements x satisfying ||z||, . < co is denoted by L,(M,E) in
[11]. Most of the results in this section can be collected from that paper or [12]. But for
completeness of the next section, we will give a different proof of the basic facts we need; [11,
12] also deal with type III von Neumann algebras that we do not consider.

LEMMA 2.2 (£-polar decomposition). Let E be right-N -submodule of Ly(M). Let z € E,
then there exists u € Ly(M) such that ||ulle . < 1 and x = u(Ex*z)'/2.
Moreover, s(Ex*r) < Eu*u < 1 and ul|. ) (Ex*w) € E for all € > 0.

Proof. Let p be the support of a = (Ez*z)'/? in N.

First note that @ = xp as 7((1 — p)z*x(1 — p)) = 7((1 — p)a?) = 0. Then the element y =
pa~t € Lo(N) C Lo(M) and u = zy is well defined in Lo(M). Clearly ua = xp = x in Lo(M).
Let us check that u € Ly(M). Set p, = 1(yuL (@), then p, 1 and by normality of 7,
T(uwu) = 7(uwu*) = lim 7 (xyp,yx”) = im 7(pLyz*xypy).

Since p,y € N, by the modular property of conditional expectations
T(pny'r*xypn) = T(p7nya2yp’rL) <1
We also have that ul[. oo) (@) = 21 ooy (@)™ € E for all £ > 0 as 1 ooy (@)™t € N.
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Next,
el o = 1€ ulloe = sup7 (=" (Eu'u)z) = sup [luz]3,
z 4

where z runs over all elements in A with |z]2 < 1. As u € Ly(M) and z € N, |luz|2 =
lim,, ||up,z||2 so that we can conclude since |lup,z||3 = 7(z* (poyz 2y p,)2) < T(272) < 1.
To get the last statement, consider similarly:

Ha||§ = ||x||§ = 7(au*ua) = im 7(uap,au™) = im 7(p,af (v u)ap,) = 7(a€ (v u)).

The faithfulness of T gives that p(Eu*u)p = p. Since Eu*u < 1, we must also have &(u*u)p =
pE(u*u) which is enough to conclude. ]

LEMMA 2.3. Let u,v € Ly(M) with |[ul|sc,c, ||V]|oc,e < 1, then ||E(u*v)|lo < 1.

Proof. As £ is completely positive, we must have [‘;gzzg igzzg > 0. Hence one can find

a contraction C' € N so that £(u*v) = £(u*u)/2CE(v*v)'/? from which the result follows. [

LEMMA 2.4. Let E be a right N'-submodule of Ly(M) and 1 € p < co. For any x € E

lzllpe= sup  |7(z"z)|.
2€E, ||zl <1

Proof. Let x = ua be the polar decomposition given by Lemma 2.2.

First we assume that ||z, . < oo, that is & € L,(N). Let z = v/ be the polar decomposition
of z € E with [|z]|,y . < 1, then 8 € L,/ (N) has norm less than 1. Let p, = 1gg 2 ,, () and
qn = 1{0}U[%,n] (ﬁ), then as X,z € LQ(M)

T(z*x) = lirrln T(gn v uap,) = 1i711n T(gnBE (v u)ap,) = T(BE(viu)a),

thus using Lemma 2.3 |7(z*2)| < ||efp || 8]l < llellp-

To get the reverse inequality even if a ¢ L,(N), it suffice to consider z, =
upno? ! /|pnalp~! € E andlet n — o0 if 1 < p < 0o. For p = 00, one can take z, = ua,, where
a, € N is of norm 1 in L;(N) with support in 1,-1 and norming a at the limit. O

3. Sums of free variables

3.1. Basic facts

A convenient way for us to look at sums of free variables is to see them as elements of length
1 in the free product (M, 7) = %=1 n(M;, 7). The trace-preserving conditional expectation
from M to M; will be denoted by &;.

For 1 < p < 0o, we denote by Ej, the closure of the span of words of length 1 in L, (M). They
are N-bimodules and it is well known that the natural orthogonal projection from L, (M) to
E, is bounded and of norm less than 4 (see [23] or [13]).

We recall that we use the notation ||z||, for the L,-norm without referring to the underlying
algebra as it does not depend on it by the compatibility we impose on traces.

Any z € E, can be decomposed as = ) . x; where z; € Ly(M;) and with ||z/2 = > |3

The conditioned column norm we introduced in the previous section can be expanded in
terms of functions x; as E(x*x) =, E(z]x;).
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DEFINITION 3.1. For x € Es and p € [1, 00|, we denote

1/2 1/2
Hx”p,c: (Zﬂﬁ%)) ) kup,r: H(Zg(xzxra ) ||'T||p,d:
p ! p

)

Lp(M®Lo)

Zmi®ei

where (e;) stands for the standard basis of /.

Note that ||z|/,,» = ||z*||p,c, that allows to deduce easily results for ||.||,,» from those for ||.||,.c.
Of course, ||z]pa = O, ||xi|‘g)1/p when 1 < p < oo with the usual modification for p = oc.

Viewing Es as a subspace of Ly(M), we have a notion of £-polar decomposition given by
Lemma 2.2. More precisely, for any = = >, z; € E5 there is a decomposition = u(Ez*z)!/?
where u € Eo satisfies ||ul|co,c <1 and Ex*z =3, Exix; € L1(N). Moreover, s(éx*x) <
Euru < 1.

Lemma 2.4 can also be made more precise in our present context and we obtain:

LEMMA 3.2. Let 1 <p<ooandxz =), x; € E,, then

lzllp.c = sup |T(z" )|,
2€E2,z]l,r <1

where T(z*z) =Y. 7(2 ;).
We recall the Voiculescu inequality which is our fundamental tool. It was first proved in [27]

when N = C and with amalgamation in [12]. Any element in x € E,, C E» can be written as
T = ZL x; where actually z; = &x € M, and the sum converges in L,. We have the following:

THEOREM 3.3 (Voiculescu). Let x =), z; € Eo, then
max{(|z[lcc,c, [loo,r, [[#]loc,a} S [Zlloo < l]loc,c + [1Tlloo,r + [2]]o0,d-
It will be convenient to write for x € E.:

[2]lco,n = max{||z]|oo,c, [1]lo0,rs [|lc0,a}-

Our main goal is to find a version of these inequalities for general fully symmetric spaces.
Using duality, one obtains an estimate of the norm of sums of free variables in L; given by
an infimum.

3.2. Algebraic decompositions

The heart of our argument is to obtain an algebraic decomposition in the spirit of [4] where it
was done to study Khinchin inequalities. The idea is to look for a decomposition of a sum of
free variables in Lo, that is optimal for a variant of the dual norm of ||.|ec,n. We first justify
that such decompositions do exist.

ProprosITION 3.4. Let x € E, then there exists a decomposition ¢ =a+d+ b with
a,d,b € Fy such that

inf L= c+d b1,
poinf llellne +1vlhva + 18l = llalle + lldlla + (1Bl

a,B,7€E>

Before going into the proof, we prove an intermediate lemma
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LEMMA 3.5. Let x© € Ey such that x = a+ v+ [ with a,v,8 € Es, then there exists
another decomposition © =a+d+b with a,d,b € Ey such that ||all1.c < ||al1.c, Bl <
181175 ldlla < lIvll1a and [[alloo,c; [1Blloo,rs [Idll2 < 5|#[|oo-

Proof. Set M = ||z||o and define e = 1oy ((Ea*a)'/?) € N, f =110 ((EBB*)Y/?) € N.
We consider the decomposition

r=a+d+b=(fae+z(l—e))+ fre+ (fBe+ (1 - f)ze).
Note that (fae)*(fae) < e(a*a)e. By the operator monotony of the square root
(E(fae)* (fae))? < (e(Eara)e)/? = e(Ea*a)'/?.
Since ||.||1,c is a norm by Lemma 3.2:

lalli.e < llfaele + l2(t = )l < 7(e(€a”a)/?) +7((1 = e)M) < 7((Ea"a)'2).

Similarly, ||b]l1,» < ||8]l1,» and ||d|1,¢ < |7]]1,4 is obvious.
By the same argument, it is also clear that ||a||co,c, [|blloo,r < 2M (a8 ||2]|co,c < ||Z]l0o), hence
llal|2, ||bll2 < 2M. Thus by the triangle inequality, ||d||2 < 5M.

Proof of Proposition 3.4. Take a sequence of decompositions x = a,, + d,, + b,, which are
optimal up to % By Lemma 3.5, we can assume that they are uniformly bounded in L.
By taking subsequences and convex combinations, we may obtain new sequences (a,), (by),
(d,) converging in Lo to a,b,d with the same properties. We must have z = a + d 4+ b. As the
identity map from (Es, ||.||2) to (Es, ||.||1,c) is continuous (and similarly for ||.||1,» and [|.||1.4),
we can conclude that a, b, d achieve the infimum. [l

For x € Fs, we set

]l = lallv.c + lldllx,a+ bl

inf
r=a-+d+b;a,b,de E>

On Ej, we have several norms ||.||1 o for ® € {c,r,d} as well as ||.||:. The Voiculescu inequality
with Lemma 3.2 gives that for z € Es, ||z||1 < C||z|/1,o for some constant C.

Assume for now that N is finite (we add an exponent N to emphasize it). Since L;(M;)
is 2-complemented in Li(M), ||.||1 and |.||1.4 are equivalent on E2. From all these facts, it
follows that ||.|[1 s is also a norm on E2 equivalent to ||.||; (with constants possibly depending
on N). Thus the dual of (EY,|.|1.2) is isomorphic to the dual of (EY,|.||1) which is EZ
as a vector space with the usual duality bracket because F; is complemented in L; by the
orthogonal projection and F5 is dense in F; for the Li-norm.

Before stating the duality, we need an extra norm on E, given by, for x =), x; € E,

ol = 5P inf s + el
We clearly have [z j < [[2[loca < 2[2 4

LEMMA 3.6.  The dual of (Ey,|.|ix) is FEs with the norm ||| =
max{||.|loc,es [|-loo,rs |-l 4} and anti-duality bracket (z,x) = 7(2*x) for v € Es and z € E.

Proof. We have already justified the duality as vector spaces assuming N finite. For the
identification of the dual norm, let z € EX. Using that ||.|[; » corresponds to a sum norm, its
dual norm is given by a supremum. By Lemma 3.2, the dual norm on EY of (EJ,|.|[1..) is
exactly |.|ls.c. The same holds for the row norm and the dual norm on EX of (EJ,|.|[1,4) is
clearly ||.[[, -
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SUMS OF FREE VARIABLES IN FULLY SYMMETRIC SPACES 731

Using the Voiculescu inequality once more justifies that ||.||1,x and ||.||; are equivalent on
EY with some universal constant independent of N.

If we are looking at infinite free products, as Uyen+EL is dense in Eo for the norm ||.||2
(bigger than both ||.|j1,» and ||.][1) , ||-]l1,» and ||.||1 are also equivalent on E5. Thus Lemma 3.6
also holds for N = oo. O

We choose this approach to avoid looking at the dual of (Es,||.||1,c) which may be hard
to describe.

As in [12], we will need another algebraic construction to make the variable symmetric before
finding the algebraic decomposition. We consider the algebras M; = M; & M; with trace
7((z,y)) = 3(7(z + y)). Clearly (N, 7) is identified to a subalgebra of (M;,7) by n + (n,n).
We simply write N C M, not referring to the inclusion map. As before, the letter 7 is used
for traces on different algebras but this is compatible with our identifications and leads to
no confusion.

We consider the free product (M, 1) = *i, N (M, 7) with conditional expectation £ : M —
N. Thus for (z,y) € M;, E(z,y) = 1&(z +y).

The spaces of words of length one corresponding to M in L, will be denoted by E~’p.

For z; € M;, we write 7(2;) = (2, —2;) € M,. We have that for z = > % € B,

& Z ziz; = SZ m(z)*m(z).

In particular using the Voiculescu inequality, this allows to extend 7 : (Euo, [|]loe) = (Eoo|l-]lo0)
by 7(z) = >, m(z;) as a bounded map with||z||«,e = ||7(2)|/c,s Where o € {r,c,d}. Similarly
one can extend 7 : Fy — EQ to an isometry for the Lo-norms.

The swap maps S;: M; = M,;, Si(z,y)=(y,z) are normal trace-preserving -
representations which are also A -bimodular. Thus the free product S = *;S; extends to an
*-isomorphism S : M — M which is isometric on all L,(M). Note that S(m(z)) = —n(z) for
T € FE.

We can conclude about the algebraic decomposition:

PROPOSITION 3.7. Let x =), x; € E, there exists a sequence (u;) with u; € M; with

1/2

1/2
<5(Zu}‘uz')> : (5(Zuiu2‘)> ;o osup [luifleo <1

and o, 3 € Nt and sequences (v;), (6;) in ./\/l;Ir such that x; = u;a + Bu; + uivyi, uiy; = 0;U;
and

s(a) < Elul* <1, s(8) < &P <1, () < fwl? <1, 58(6:) < Juf | < 1.

REMARK 3.8. We point out that ), uju; may only be in L;(M)*. Nevertheless €Y, ufu;
sits in NV (similarly for rows).

REMARK 3.9. The conditions on u; implies that s(v;) and |u;|> commute, more precisely
s(7i) = s(vi)uil.

Proof. Take r € E and consider 7(z) € E.. By Proposition 3.4, we have a decompo-
sition m(z) =a+b+d with a,d,b € Ey such that ||7(x)|1s = |lalli,c + [|d]l1,a + [|bl]1,r. We
may assume that S(a) = —a by replacing it with o’ = 1(a — S(a)) as [a/[|l1,c < 2(|all1,c +

IS(a)ll1.c) = ||all1,c- The same holds for b and d.
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732 LEONARD CADILHAC AND ERIC RICARD

Consider the -polar decomposition a = v and b* = w*f where a = (£a*a)/? € Li(N)*
and 8 = (€bb*)'/? € Ly(N)* given by Lemma 2.2. We must also have S(v) = —v and S(w) =
—w. Writing d = Zl d;, we also consider the usual polar decompositions d; = z;y; = d;t; with
Vi 0; € Lo(M;) T as d; € Ly(M;). We must also have that S(v;) = i, S(z2;) = —z; and S§(6;) =
&s, S(tl) = —1;.

By Lemma 3.6 (as E., C E,), there is v’ € E,, with lu'|o,n <1 so that |[[7(z)]1,s =
T(u*7(x)). As before let u=1(u —S(u)) € E.., we have that S(u) = —u, T(u*r(z)) =
|[7(x)]1,x. We clearly have that ||ullec,c < [|[t/]|co,c and ||ulloo,r < [|t/]|co,r. For any e € N,
u; = (u} + e — S(u} + €)), hence we get that ||u[/e,q < [ l| o4

From Proposition 3.4, we infer the equalities

el + 11811+ D llvill = el s = 7(u"va + Bwu*) + Y 7(u;zim).

Because of Lemma 2.3, Hfu*vHoc < 1and [[Ewu*||s < 1and |[ufz]|oe < 1. Thus, we must have
r((Euv)a) = alls, m((Ewu)8) = |Blly and 7(uZzm) = |l for all .

Necessarily with p = s(a), p=p(Eu*v)p = E((up)*(vp)). In particular, 7((up)*(vp)) =
7(p) = |lup||2-||vp|l2- Thus there is equality in the Cauchy—Schwarz inequality so that up = vp
and 7((Eu*u)p) = 7(p). But by Lemma 2.2 a = vpa and a = upa = ue, and p < Euu* < 1. The
same argument also gives that b = fu and s(8) < Euu* < 1.

We also have that 7(ufz;vi) = ||7:ll1- Thus s(v;) = s(vi)ulz; and as above z; = u;s(7y;) and

s(vi) < Jwi? < 1. Similarly d; = §;u; and s(68;) < |uf|? < 1.
_ By the Voiculescu inequality, [lullc <3 and ||7(z)]|ec < 3||7[c. Note that we have
Eurn(z) = a+ €, ul fu; + ujuiy) = a4+ EQo, ur Bu; + ;). We get [|af|oe < [Ju*m(2)]]o <
9]||| 0. The same argument works for b, thus d =z —a — b € E, with ||d||cc < 19]|2|| . The
fact that ~; € M:r follows from ~; = giu;‘ d; € M;.

To get the desired algebraic decomposition, it suffices to note that as S(u;) = —u; € M, it
is of the form u; = (r;, —r;) for some r; € M,. The element Y . r’r; makes sense in Li(M)*
as E(rr;) = E(utuy) and thus 7(rr;) = 7(ufw;). Similarly v; = (g, 9:), 6; = (hs, h;) for some
gi,hi € Mj Thus we get that x; = r;a 4+ Br; + r;9; = r;a + Br; + h;r; and the conclusion on
supports follows directly from that of w. ([l

3.3. Norm estimates
We will use the algebraic decomposition to get estimates for sums of free variables.
THEOREM 3.10. With the notation of Proposition 3.7, for any fully symmetric function

space FE

)

E(M®tx)

Izl ey < 4llalleon + 48l +4

Z%‘@ei

<Azl zmy-
E(M®ls)

el sy 18l By,

Z%’®6i

K2

Proof. We fix x =), z; € Fw.

We start with the upper bound. We have that & = ), ; is a well-defined element of E., by
the Voiculescu inequality as 0 < Zfil Eulu,; < Zf\il Eufu; (similarly for rows) and ||,/ < 2
for all 1 < ¢ < N. Thus ||t < 4.
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SUMS OF FREE VARIABLES IN FULLY SYMMETRIC SPACES 733

We point out that &(z;) = E(u;)a+ BE(w;) +E(uivi) =0. As a=da, b= pu are well
defined, d = — a — b also is and necessarily &;d = (u;7;), so we can write x = ua + Su +
> (W)

It is clear that HiLOzHE(M) < 4H04||E(N) and similarly ||ﬂﬁ||E(M) < 4||5||E(N)~

o

Next we prove that || >, (uivi)lmm) < 4l 227 ® eill povme., - Let t > 0, we recall that for

any variable in a non-commutative measure space j;f w(z) = ||z||L,+¢L.. - Consider an optimal
decomposition Y, v; ®e; =r+s in (L1 +tLo)(®M;). We have v; =7; + s; and we may
assume that 0 < Tis S < . ) )

We have 3, (uivi) = 22; (wiri) + 32, (wisi) and [[r{ly = 32, [[7ill1; Islloe = sup; [[silloc-

By the Voiculescu inequality, we can control | . (u;s;)||co. Indeed sup; ||(uis;)]oco <
2sup; |8;]|00- And

But s;uf = ufuisiul as s(s;) < s(v) < ufu; < 1. Thus 0 < Es;uiuis; < supy{|lsell? JEuru;

and it follows that || 3, (uisi)|lso.c < supy{l[sklloo Hulloo,c < supy{l[skllec}-
The last term is easier to handle

> (uis)

%

Z (uis:) <

i

Zg(siu?uisi)

00,c 00

1/2

< < sup{(lsell .-
k

Zf)(uisisiu;‘)

0o, 0o

We obtain | 5, (1)l < 4sup ([} o

By the triangle inequality || >, (u;ri)|1 <2, [|rilli. Thus we get || >, (wivi)llz,+e0.. <
413" v ® el L, +1L., and the estimate we claimed follows.

We turn to the lower bound. First, we note that £(u*z) = o+ ), €(u]fu; + ;). Indeed for
any j, we have £ujz = Eujr; = Eujz; because x = ), x; is centered. Thus for any 1 < K <
N 5((25; U;)x) = 5(25(:1 ufuso 4 ufBu; + ;). We conclude by letting K — oo and taking
limits in Ls.

We get [|E(u*2)|| ) = |l pvy- Since £ is always a contraction, ||af| gy < 4" 2] gvm) <

Fix t >0 and let p= ®p; € ®;M; be such that |p[y =¢,|]pll« =1 and >, 7(pivi) =
1>, vi®eilln,4+tr... We can also assume that 0<p; <s(y;) by replacing it by
s(%)(@hs(%). Thus by Remark 3.9, p;|u;| = pi = |ui|p;. We use that v; = ufx; — |u;|?a —
ufBu;. We have > . 7(p;|ui?a) = 3, 7(Ju;|pi|us|a) = 0 and also >, 7(u;piuiB) > 0.

Finally, as z; is centered, 7(p;ux;) = T((ulpl)*x) Let &; be the argument of 7(p;ux;). We
can check that ||, Ei(u;pi)HQ@,C < || D2; €itipi|loc,e < 15 indeed again

| Z E£iUiD; (€ Z i |pilui]) /2

In the same way, || >, (wipi)||oo,r <1 and sup; [[(wipi)]|cc < 2. The element X = )", &;(u;p;)
is well defined in M with norm less than 4 due to the Voiculescu inequality. By the triangle
inequality, || X1 <2, [|pill1 = 2¢t. Thus gathering the inequalities

Y viwe <Y Ir(puia)| = T<X*- (Z wz)) < A|2lLy 1L

As E is fully symmetric, || >, 7 ® eiHE(/v@é&) < 4H$||E(M)- O

<1

00,c oo

Li+tLeo
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734 LEONARD CADILHAC AND ERIC RICARD

For a fully symmetric space F, define for x € F,

lzlle.s = a,b,dGEiI;li:a+d+b ||(€a a 1/2||E + H (€bb") 1/2HE(N) 7
E(M&lo)
as well as
lz]| g,n = max H (Ex™x) 1/2HE ||(€xx*)1/2||E(N), Z% ® e;
i E(M&lo0)

To simplify we also write ||z g, = ||(Ez*2)"/?||p(n) and similarly for r and d.
We can have another estimate on the algebraic decomposition.

ProrosITION 3.11. With the notation of Proposition 3.7, for any fully symmetric function
space E, we have

< |zl £,a-
E(M®{s)

lallewy < lzlze,  1B8lew) < lzller

Z'Yi®ei

Proof. We also keep the notation of the proof of Theorem 3.10. This is just a variation.

We have already explained that £(4*x) > o > 0. By Lemma 2.3, there is a contraction C € A/
so that £(4*z) = (£(@*@))"/>C(E(z*z))"/? and we can get ||a| gy < ||#] g,c. The same works
for 3.

For the last bound, we modify the arguments from Theorem 3.10. With the same notation,
one just need to note that . [T(piu;z;)| = 7((3; eipivi ® €;).(>_, ©i @ €;)). The element g =
> ipius ® € also satisfies glloe < 1, gl < ¢ and we get |31 ® exll g, srn < |32 @
€illn,+tr., - This yields the result for all fully symmetric spaces.

We can deduce the Rosenthal type inequalities in the spirit of [6, 13, 14].
COROLLARY 3.12. For any fully symmetric space E and x € E.., we have

1
Tgleles < llellpay < 12lzlen.

If moreover E is an (Ly, Ly)-interpolation space, ||z|| pm) < 2[|2] 5,5
If moreover E is an (La, Lo )-interpolation space, ||z||p,n < 2|z| gm)-

Proof. Onme can take a =), wor, b=>", fu; and d =), u;y;. We have already shown
that a,b,d € E. and we can use Theorem 3.10 to get the lower bound as ||al|z.. < ||a/z,
10l < 1Bllev) and |ldlle,a < 2132, % @ eill gmge.)- The upper bound is direct from
Propositions 3.10 and 3.11 using the triangle inequality.

We justify the remaining inequality when E is an (L1, Lo)-interpolation space.

Let a € Fo, with &-polar decomposition a = ua and p = s(a) € NT. The map r — ur
defined on pNp extends to a contraction Lo(pNp) — La(M) and also to L;i(pNp) —
Li(M) as E(ru*ur)'/?2 <r for r € pNFp. Thus by interpolation |ucl|pm < |lallpwy) =
|(Ea*a)t/? | E(v)- The same works for b. For the other term, we proceed similarly by considering

the map defined on (L1 + Lo)(@M;) by T (>, di ®@e;) =, d;. T has norm smaller than 2 on
all interpolation spaces between L; and Lo.

When E is an (L«,, Lo)-interpolation space, the inequality follows in the same way. Indeed
by interpolation, for x € E.||E(x*)||1, 11, < |2°2||L, +¢+2., which implies ||z| g < [[2] pm)
by [16]; similarly for rows. The map z € M — >.(&(2) — £(2)) ® e; has norm less than 2 on
Lo and Lo. O
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REMARK 3.13. Actually the inequality ||z[|pn) = cl|z|g,s implies ||z||gpam) < 12¢||2 B0
for all E and = € E, by duality. Indeed, take y € Lo, NtL1 (M) norming x in L + tLo, and
apply the inequality to z = Py (y), its component of length one, for F = L., NtL;. We get a
decomposition z = a + b+ d which gives by duality that ||z|r,+ir.. < 4c||lz|L,+10.,n- This
allows to conclude to ||z[| p(r) < 12¢||z||g,n for all E.

REMARK 3.14. Free or independent variables are examples of martingales. The above
corollary can be deduced from the literature when E is an interpolation space between L,
and L, but only when 2<p<g<ooin [5, 6] or 1 <p<g¢<2 in [21] under the Fatou
assumption for E (the results are given in terms of Boyd indices which is sightly stronger).
A related estimate is obtained when 2 =p < ¢ =4 in [9] but for a somehow different norms
on the right, see Remark 4.7. The novelty is that we allow the end points of the scales, the
constants are universal and the decomposition is independent of F.

4. Applications to other inequalities

From now on, to lighten the notation, when no confusion can occur, we may simply write
llzl| e for [|z||pm) if 2 € Lo(M, 7). We do not lose information this way since p(x) does not
depend on the semi-finite von Neumann subalgebra in which it is computed as long as the
traces are compatible.

4.1. Links with the Johnson—Schechtman inequalities

The Johnson—Schechtman inequality [10] is a very efficient tool to compute explicitly the norm
of sums of independent (commutative) variables. Its free analogue was considered in [25]. It
concerns only variables with trivial amalgamation. Here we explain how to recover it from our
arguments as an algebraic decomposition can be given explicitly. As above M is the free product
of non-commutative probability spaces (M, 7), 1 <i < N, with N'= C. This will yield much
nicer constants than the original proof. We will concentrate only on the case of symmetric
variables as in [25], that is, self-adjoint variables = such that  and —z are equimeasurable.

We give ourselves a fully symmetric function space E on (0, 00) with ||1j9 ||z = 1. With this
normalization, we always have || f|j1 < ||fllz < ||f|l for any f € Lo supported on a measure
1 set. Define as in [25]

1fllzz = 1n(F) ol 2 + [ min{u(f) (1), w(£)}H2-
PrOPOSITION 4.1. Let z; be symmetrically distributed variables in M, then

<3
E

1
3

<
z% z5

Proof. By enlarging the algebras and using compositions with complete isometries, we can
assume that M,; = Loo[—%, %} and the x; are odd functions.

Assume f =3, 2;®e€; € L1 + Loo(M®Vs) with | fllz2 <oo. Set t=pu(f)(1) and o=
|| min{t, (f)}||2, note that a > ¢.

We can find even projections ¢; in M; so that 1,5y < ¢ < 15,>¢ and ), ¢i|xi| ® e; has
distribution u(f)1p0,1;-

Considering the polar decomposition xz; = r;|x;|, we define v; = r;¢;, w; = %xi(l — qi). They
are disjointly supported. Let u; = v; + w;. Because x; is an odd function, v;, w; and w; also
are. Clearly ||uil|lo <1 and | Y u; ® e;| has the same distribution as min{1, |f|/¢}. Hence we

have that || ", u;||2 = /t. By the Voiculescu inequality, || >, willoo < 2| >, uill2 +1 < 3ev/t.
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736 LEONARD CADILHAC AND ERIC RICARD

Similarly by construction the support of ), v; ® e; has measure 1, from which we deduce that
15, ville < 3.

We have a decomposition x; = tu; + v;(|a;| — t)+. We set v; = (|a;| — )+ ¢

We have a first trivial estimate || Y, tw;||z < || D2, tuilloo < 3a.

By construction || v ® e;||g < ||(f)1j0,1)]| £ Using the same argument as in Theorem 3.10,
we get || Y, viville < 3||2° v ® ;]| g (there is no centering).

Thus we arrive at || 32, zi|[p < 3[| 22, i ® €[ 22

In the opposite direction, assume Y z; € E. Since,

2ol (2] ()

we obtain || 37, zillp 2 || 32; il > /3.
Taking >, p; ® e; with functions p; even norming ). |z;|¢; in Ly +tL and arguing as
in Theorem 3.10, one gets ||>_, [zil¢; ® eillp < 3| X, illz so that we get [|u(f)Lj.1lle <
(]

352 zille-

4.2. Application to martingales

=a’/t,

2
3a/t
2

>
i

Sums of free variables are basic examples of martingales. In this short section, we explain
how the norm estimates we got can be used to interpolate the Burkholder inequality for non-
commutative martingales quite easily. The basic idea is to realize the norm in the Burkholder—
Gundy inequality as the norm of a sum of free variables with amalgamation.

Let (Nk)k—o,...a be a finite filtration of the finite von Neumann algebra (N, 7) (Mg = N)
with conditional expectations Eg.

As usual for an element z € N, we consider its martingale difference (dxk)zzo, where dxy =
Eox and dzy, = Epx — Ep_1x for k > 1.

Denote My, = N sp;, N1 for k=0,...,d — 1. The copy of N in M}, will be still denoted
by A, and we denote by pi : Ny11 — M, the natural inclusion. The conditional expectation
M, — N, onto the amalgam is denoted by &, whereas £ will denote the conditional
expectation onto the copy of N. Thus &, = £E, = EL.E = EiLE.

We have that for any x € N1, Epr(x) = Erpr(x) = Exx = Bz

Let (M,€) = xpx(My, E) and denote by Fi, F;~ the conditional expectation from M to
pe(Nk) = N, € My, and to pg(Nys1) C My, for k > 0. Hence, for z, € My, we have Fy(zy) =
Ex(zr) and EF, (zy) = Ex(y).

Define v: N — M by ~(z) = Epz + 22:1 pr—1(dzy). And let ¢ : M — y(N) given by
p(z) = Foxr + ZZ;(I)(}-/:F — Fi)(x). Note that (F," — Fj)(z) is centered in M), with respect
to € and p(z) is a sum of centered free variables up to Eqz.

PROPOSITION 4.2. The map ¢ : M — M is a projection onto y(N) and it extends to a
bounded map L,(M) — L,(M) for 1 < p < oo (with a constant independent of d).

We recall the dual Doob inequality from [11].

THEOREM 4.3. Let 1 < p < oo, there is a constant ¢, (only depending on p) such that for
any d > 1 and a, € N*:

d—1
E ag

k=0

d—1
Z Erag

k=0

< ¢p

p p

Proof of Proposition 4.2. The first point is clear by construction.
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SUMS OF FREE VARIABLES IN FULLY SYMMETRIC SPACES 737

To see that ¢ is bounded on L,(M), we rely on the dual Doob inequality above. Assume
first that p > 2. The formal projection P; : L,(M) — E, C L,(M) onto words of length 1 has
norm less than 4 (see [23]). Note that for z € M if Pl( )= ZZ;(I) xy, then p(z) = Eofz +

Z (1)]:+(a:k) Thus, define a map on E, by T( k o Lag) = Z;(l) F(z1) so that o(z) =
T(Pi(x)) + Eg€x for x € M. Hence we need to justify that T is bounded for the L,-norm
independently of d. It suffices to check it for the three norms appearing in the free Rosenthal
inequality. For the column norm, first note that

From the dual Doob inequality in L/, with a = E|zk|?, we get that T is bounded for the
column norm.

The row estimate is similar, whereas the diagonal one is easy (with no constant depending
on p.

It is algebraically clear that ¢ is the projection onto v(A). Noticing then that ¢ is an
orthogonal projection on Ly also gives that it extends to a bounded map on L, with the same
norm. (|

Using our main estimate, we get that the norms on N given |v(z)| g\m) are compatible
with interpolation.

COROLLARY 4.4. If FE is an interpolation space for (L, L,) with2 < p < oo, then forz € N

d 1/2 d 1/2
|||z ~, <|on|2+ZEk_1<dmk|2>> + (I]Eom*|2+ZEk—1(ldeil2)>

k=1 5 k=1 5
d
+ Z dzy ® e
k=0 E(N®Cs)
If E is an interpolation space for (L, L) with 1 < p < 2, then
1/2
~ : 2
2]l e ~p z_a+bf§-,fa,b,ce/v{|| (Ianl +2Ek 1(|dax| )>
k=1 E
1/2 d
(Eob*|2 ZEH |de|2)> +|| > der@ey }
k=1 E = EN®lx)

Moreover, a,b,c can be chosen to be independent of E and p.

Proof. For co > p > 2 by corollary 3.12, the quantity on the right-hand side is equivalent
to ||y(x )HE By the Burkholder inequality [14], ||v(z)||, ~p ||z||,- Thus the map v : N — M
and 7~ 'p : M — N extend to bounded maps on E by interpolation.

For 1 < p < 2, the argument is similar, we also have ||z||g =), ||¥(z)||r by the Burkholder
inequality. Then one has to check that the quantity on the right-hand side is also equivalent to
lv(z)|| . Clearly we can assume Eqz = 0 by changing the constants. Then, if y(z) = o’ + b + ¢
with o/, ¥, ¢’ € E, given by Corollary 3.12, then v(x) = p(a’) + ¢(b') + ('), and ¢(a’) = v(a)
for some a € N with Ega = 0 and H(Zz:l Er_1(Jdag|*)?| ez = |T(a")||z.c. We need to justify
that T is bounded for ||.||g,.. First we can assume N, is separable because of deal with finite
families. By Proposition 2.8 in [11], there are a von Neumann algebra M, maps Ug: M — M
for 1 < g < oo, that are compatible in the sense of interpolation such that |Juq(2)|lq = ||%]l4.c;
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738 LEONARD CADILHAC AND ERIC RICARD

moreover the closure of the range of w, is complemented in Lg(M). Thus we obtain by
interpolation that || 7'(a')||g,c < ¢plla’||p,c as we have shown in Proposition 4.2 that TP
is bounded for the norm |.||,. and |.||2,c. The argument for &' is similar and simpler
for ¢'. O

REMARK 4.5. Instead of using Proposition 2.8 in [11], we could have used our main estimate.
Indeed, one can show for instance that if (M, 7) C (M, 7) and a map T on M is bounded for
the norms |||, and ||.]lp, e with 1 < po,p1 < 2, then T is bounded for the norm ||.|| g, for any
(Lpys Lp, )-interpolation space. This follows from a standard limit procedure that can be found
n [12]. Let M,, be the free product over M, (N) of n copies of M, (M) with amalgamation
over M,,(N). For x € M, denote by 7;(z) its ith copy. One can check using Corollary 3.12 that

n

with v, (z) = ﬁ > i1 T (w) ®ej1, we have limy, [y, (7)||p ~ ||[|5,c. Moreover, the closure of

the range of 7, is complemented in M,, (uniformly in n) in any fully symmetric space. This is
enough to conclude, we leave the details to the interested reader.

REMARK 4.6. As we already pointed it out in Remark 3.14, the result was known from [5,
21] in terms of Boyd indices but one cannot use Ly as an end point without extra assumptions
on E. We also recover as in [21] that when p < 2, the decomposition in the infimum can be
chosen independently of E. Looking carefully at the proof shows that when p goes to 1 or
00, the equivalence constants are not optimal when E = L,,. It is known from [8] that one can
actually find a decomposition independent of p for F = L,,, 1 < p < 2 with an optimal behavior
of the constants.

REMARK 4.7. If we assume merely that E is a fully symmetric function space on (0,1) (with
I1(0,1yllz = 1), it is possible to somehow extend £ to fully symmetric space on (0, 00). One can
choose, for instance, for g € Lo(0,50), Ilgllr = l(e) 1ol or lgllzz = lglle + lgllzasra. It is
equivalent to the definition of Z% above and moreover for f supported on (0,1], then ||f||z ~
[ fllzz - With any of these constructions, Corollary 4.4 implies that the Johnson-Schechtman
inequality in Theorem 1.5 in [9] is true if F is an interpolation space for (La, L,) for some 2 <
p < oo. It was stated only for p = 4 there. Actually Z% is up to some constant an interpolation
space for (Lo, L,) if E is and it is somehow the bigger norm on (0,00) extending E with
that property.

4.3. Other Rosenthal inequalities

There are many places where the norms ||.|gn or |.||zx appear. Just as in the previous
section, it is possible to interpolate norm inequalities knowing the result for L,,. Corollary 3.18
in [17] is one example. We simply state the result leaving the proof to the interested reader.
For an element in the free product (M, 1) = xn (M, 7), we write z € £; N'R; if x is a linear
combination of reduced words starting and ending with a letter in /\;li, then

COROLLARY 4.8. If E is an interpolation space for (Ls, L,) with 2 < p < oo, then for any
xr = szl € M with z; € L; NR;,

Izl = [|(E"2) 2|, + || (E@@a™) 2|, +

in(@ei

E(M®ls)

One can also get a statement for 1 < p < 2.
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4.4. Free Khinchin inequalities for words of length d

In this subsection, we explain how to apply the method used above to free Khinchin inequalities
for words of fixed length d € N*. The proof follows the same steps as the one of Theorem 3.10.
On one hand, the setting of Khinchin inequalities simplifies the arguments considerably since
all the variables are automatically centered and the duality is straightforward. On the other
hand, since we consider words of length d, we cannot avoid to deal with technicalities of
combinatorial nature.

Our basic tool, replacing Voiculescu’s inequality, is an inequality due to Buchholz [3] and
known to Haagerup. Before stating it, let us introduce some notations. Consider the free group
with n generators F,, and let {g;}ic[n] be a set of generators of IF,, with [n] = {1,...,n}.
For any d € N*, define W ={g;, ...g;,: i € [n]%} and identify W with [n]% Let M be
finite, N = M®V N(F,,) and X : F,, — VN(F,,) the natural inclusion. Let x : WJ — M. The
Buchholz—Haagerup inequality is expressed in terms of the matrices (xi]ﬁ)aer,M Bew;t in

Mnk77ld—k (./\/l) defined by

Ey],B - x(aﬁ)a

where k ranges from 0 to d, see [19]. We consider only words in the generators (and not their
inverses) to avoid cancellations and to make the presentation easier.

It will be useful, in particular, when stating Lemma 4.13, to embed these matrices in a
common algebra A := M @ M®? with its natural trace 7oy ® tr®?. For i € [n], denote by c;,
(respectively, ry) the element ey 1 (respectively, eq ;) in M,. Define

Tk Mnk;nd—k(M) - A
a = (aiaj)iGHnﬂdfk,jGHn]]k — Z a’i,j®ci1 ®'”®Cid7k ®'f‘j1 ®®7«]k
i€[n]? " jeln]"

Denote by Ay the range of i;, which is by construction isomorphic to M,a-x ,,x (M). Define

G(z) = Z (i) @ Mgi, - .- 91,), and [x], = ir(xF),

ic[n]?

or more explicitly:

o= Y 2@ @ @iy, OTig_ gy, © - O

ic[n]?

We extend those notations to any X € Ay the following way: if X = [z]; for some z €
FW;,M) and k' € {0,...,d}, then [X]; := [z]r and G(X) := G(x). Denote also by try, :
A — M @ M®* the operator defined by try, = Id ® tr®4=* @ Id®F.

Finally, we identify M @ M®* with M ® e®d ¥ @ M®F in A; this is a non-unital trace-
preserving *-homomorphism so that for e € M ® M%* and X € Ay, we have Xe € Ay.

THEOREM 4.9 (Buchholz, Haagerup). For any = in F(W;}, M),

d
max |[[z]] 4 < [G@)lx <Y Nelklla-
k=0

0<k<d

REMARK 4.10. We will also use the following dual inequality:

1G@) s < yinE ez,
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740 LEONARD CADILHAC AND ERIC RICARD

Proof. Fix 0 < k < d. Using the polar decomposition, we can decompose [z]x = [y]ra with
a € M ®M®* such that ||[z]x]l1 = ||[y]xl2]lallz. Write

_ ®Rd—k
a= g Ajm Q€1 ~ De€jm @ Qejy my.
Jme[n]*

Consider now the algebra N®@V N(Fy) with (h;);c[r] designating a set of generators for the
new copy of Fj. Define

Y= Z Yi,j ®)\(gil "'gid—k:hjl "'hjk)7
i€[n]** jeln]*

and

A= Z Wjom @ /\(h;c1 e hj_llgm1 e Gmy)-
jme[n]*

Note that if E designates the conditional expectation from AQV N (F) to A, E(YA) = G(z).
Therefore, [|G(2)[l < [[Y]l2[|All2 = llyll2llalle = [[[z]k]]:- O

REMARK 4.11. Dualizing the above remark implies that the norm of the projection in N
onto words of length d in the generators is bounded by d + 1. This is different from the constant
2d that appears in [19] for the projection onto all words of length d. Of course, this extends
to any fully symmetric space using duality and interpolation.

REMARK 4.12. Since we consider only words in Wj , the Buchholz—Haagerup inequality
can be improved. Indeed, by [24],

d 1/2
IG @)l < 45\/E<Z Hx]kﬁ) .
k=0

As a consequence, the asymptotic behavior of constants appearing in the rest of this section
can be made more precise. For example, the constant d + 1 in Lemma 4.19 can be replaced by
e(d+1).

To simplify some notation if o =, m; @ v; € M ® M%* with m; € M and v; € MZ*, and

B e MO~k with k' > k, we denote by a ® f € M ® MZ*' the element >o;mi®B® ;.
The following lemma can be easily checked by the reader. It is constituted of the algebraic
identities that will allow us to bypass the difficulty caused by considering words of length d.

LEMMA 4.13. Let 0 <k < k' <d. Let a,b: [n]* — M and a € M @ ME*. Then,

(1) v (G(a)*G(b))

i) [a];[b]x = tre([alf [b]k)

i) [a]xa = [[a]k @)k
iv) [a]

(I
ak/(1®k k®o¢) [[a]ra]pr -

[TA(M L[0lk);

i
®k

We can now start to reproduce the scheme of proof of the previous sections, starting with
proving the existence of an optimal decomposition.
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PROPOSITION 4.14. Let x € F(Wj,./\/l). There exists yo,...,Yq € F(W;,M) such that
Yo+ -+ yqa = and

d

d
Z yrlrllr, a) = ZM._i_ride:x {];) ”[Zk]k'|L1(A)}'

k=0

As usual, this proposition can be easily obtained once the following lemma is known.

LEMMA 4.15. Letzx € F(W;‘,M). Let yg,...,yq € F(WJ,M) such that yo + -+ - + yq = x.
Then, there exist zg,...,2q € F(W;,M) such that zg+ -+ 29 =x and for all 0 < k < d,
[[zklklloc < Canll[zlollos and |[[zk]kllx < [/[yk]kllx for some constant Cqr,.

Proof. Note that the norms on F(W;, M) given by ||[-]]|c for 0 < k < d are all equivalent.
We argue by induction, showing that for every j € {0,...,d 4+ 1}, we can find zo, ..., z4 such
that for every k € {0,...,d}, |l[ze)klls < ||[ye]klls and for every k < j, |l[zk]klloo S [2]o0lloo-
Assume that the statement is known for a fixed j € {0, ...,d} and let wy, ..., wy € F(W;, M)
verifying its conditions. Let a = ¢ — wo — - -+ — w;—1. By the equivalence of norms mentioned
above and by our induction hypothesis, A := ||[a];]|cc < [|[z]o]lso- Let e = 1jo 41(|[w;];]) in M @
M&J. Define zo, ..., 24 by

(W], if k < j,
[zk]k = [wj]je + [a]j(lM@)MgJ —e) ifk=yjy,
il (157 @) if k> .

Using Lemma 4.13, it is clear that zg + --- 4+ 24 = . The other conditions are verified in a
similar way as for Lemma 3.5. O

An optimal decomposition verifies the algebraic properties expressed in the following
proposition.

PROPOSITION 4.16. Let x € F(W,, M) and yo,...,ya be an optimal decomposition of
z. There exists u € F(W;}, M) and v, € (M @M®*)T for all k =0,...,d such that for all
0<k<d,

s(ne) < [ulj[u]r < 1in M @MZ" and [ye]r = [u]iye-

Proof. We do not give a detailed proof of this proposition since it is very similar to
Proposition 3.4 of this paper or Theorem 4.2. in [4]. The idea is to consider an optimal
decomposition z =1yg + -+ +yg given by Proposition 4.14 and then, to write the polar
decomposition [yg]r = vkyr and argue by duality. Note that for the duality argument, it is
convenient to come back to the more standard point of view and identify [yx]r € Ax with

y,[f] S Mnk,nd—k. 0

REMARK 4.17. Remark also that above we consider the right modulus of each y; even
though this is not the natural thing to do for y4 which is a row. The reason is that it will make
the writing of the following proofs smoother.
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742 LEONARD CADILHAC AND ERIC RICARD

THEOREM 4.18. Let x € F(WJ,M) and Yo, - - . ,Yq an optimal decomposition of x. Let E
be a fully symmetric function space. Then for all 0 < k < d:

d

1
ﬁ”[yk]kHE(A) < HG(@”E(/\/) <(d+1) Z ||[yk?H|E(.A)‘
k=0

LEMMA 4.19. Let0 < k <d,u € F(W}, M) and v € (M @ M®*)*. Suppose that for every
0<k <d, |[[ulplloo <1 and [u]j[u]ry = . Then, for any fully symmetric space E,

Gl sy < @+ DIVl g

Proof. Since FE is fully symmetric, it suffices to prove the lemma for F of the form L, + tL,,
t > 0. Then, by fixing a decomposition of « into two elements which can be taken to be non-
negative, we are reduced to treating the cases of Ly and L. By Remark 4.10, the case of L is
straightforward. To treat the case of L., we use the Buchholz—Haagerup inequality. We need
to prove that, for all 0 < k' < d,
Ilule )k oo < 117l

Do to this, we use Lemma 4.13. If ¥’ > k, we use (iv):
el = e 55 @ )| < el < 7l

If &' < k, recall that [u]}[u]xy =7

([l i llulerlie = tri (Y[uli[uley) = tri (g [uley [l lul oy lu] g fulk)-
Now note that ||[u]ry[ul}[u]ry[ulfllee < [|7?|lco. Hence

[l Tl < [|72]] o trw (uliluli) = (92| lulio fuli < [[72]] - =

Proof of Theorem 4.18. The second inequality is straightforward by the triangle inequality

and Lemma 4.19 so let us focus on the first one. Once again, it suffices to show it for
E =1L +tLy, t>0. We argue by duality. Fix 0 < k£ < d. There exists a spectral projection
e of 9 in M®M®* such that 7(e) =t and 74(ev) = |z, +¢r..- By Lemma 4.19,

|G([ulre)llnt-1n, < d+ 1. Let us compute 7o/ (G([u]ze)*G(x)), relying once again heavily
on Lemma 4.13 and recalling that e[u]}[u], = e and [u]}[u];7; = ; for any j < d.

T (G ([u] ZTA “lyilk)

7=0
= ZTA j'Yj +ZTA jPYJ)
i<k >k
k— k *
=Y maleluli[ule (g ©@75)) + > mal(L " @ e)[ul [ul7;)
i<k i>k
k—j j—k
=Y e @y)) + Y a5 @ e)y))
i<k >k

> Tale) = ‘|7k||L1+th

Hence, (d+ 1)||G2||r,+¢r. = |VellL, 4o - O
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COROLLARY 4.20. Let x € F(W;, M) and E be a fully symmetric space. Then:

d

<G d+1 .
oo | ol < NG < (417 s, Vil

1
(d+ 1)2

Moreover, if E is an (L1, Ls)-interpolation space, then

IG@y <, inf ZII yrlkllg o)

and if E is an (Ls, L )-interpolation space, then

pax [|lzlallp < (d+ DIIG()l| -

Proof. Main inequality. The left-hand side is a direct consequence of Theorem 4.18. For the
right-hand side, we also use Theorem 4.18 together with the fact that for any k € {0,...,d},
lyklelle < ||[#]k||e- To prove this latter claim, we rely once again on the same technique. It
suffices to prove it for F = Ly + tL,. By duality, there exists an element f € A such that
T(flyrle) = lyelkll Li+tno s | fll1 <t and ||f|leo < 1. Furthermore, f can be chosen of the form
e[u]} where e is a projection in M ® MZ*. Repeating the computation above, by Lemma 4.13:

”[x]kHLH»tLQC 2 Ta(e[y] ZTA ul;vil) + ZTA [u]j'}/j)
<k >k

> Ta(evk) = ||yk||L1+tLOC

If E is an (L, Lo)-interpolation space. First, note that by Remark 4.10 and interpola-
tion, for any k € {0,...,d}, ||Gz|lg < ||[z]k||g- Using the triangle inequality, we obtain the
desired estimate.

If E is an (L2, L )-interpolation space. This inequality follows from the previous one by
duality. The argument necessitates to use the boundedness of the projection on words of length
d given by Remark 4.11. O
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